Abstract. Using polynomial evaluation, we give some useful criteria to answer questions about divisibility of polynomials. This allows us to develop interesting results concerning the prime elements in the domain of coefficients. In particular, it is possible to prove that under certain conditions, the domain of coefficients must have infinitely many prime elements. We give alternative characterizations for D−rings and present various examples.
Introduction
An interesting question about divisibility of polynomials is the following: given f (x) and g(x) polynomials with coefficients in the ring of integers Z such that f (n)|g(n) for all n ∈ Z, does one have that f (x)|g(x) in Z[x]? Take for example f (x) = 5, and g(x) = x 5 − x; by Fermat's Little Theorem we have that for all n ∈ Z, 5|n 5 − n in Z, but clearly 5
. However, Z satisfies some properties showing that in many nontrivial cases the answer to that question is affirmative. In order to solve this interrogant, we study some divisibility properties in arbitrary unique factorization domains (U F D), namely: infinite primes property (IPP), degree polynomial property (DPP), evaluation polynomial property (EPP) and strong evaluation polynomial property (SEPP). These properties provide us useful tools to understand divisibility in the ring Z[x] and in any ring of polynomials D[x] for any U F D D. Another property that will be useful is the D-ring property. In Section 3 we study this property in detail, we give many examples and we prove that in a U F D, all these properties are equivalent. In the last section we provide some examples.
Basic Definitions
Definition 2.1. An integral domain D satisfies the infinite primes property (IPP) if given g(x) ∈ D[x] with deg g(x) ≥ 1 the set {p ∈ P : (∃k ∈ D)(g(k) = 0 and p|g(k)} is infinite, where P is the set of primes in D.
It is clear that fields do not satisfy IP P (there are no primes in fields!). It also follows from the definition that rings satisfying the IP P property must contain infinitely many primes.
Example 2.1. Let g(x) = (x − 3)(x + 2) ∈ Z [x] . Note that g(3) = 0. Let p be a prime such that p|g(p + 3) = p(p + 5). Note that Z has infinitely many primes satisfying this condition. Then {p ∈ P : (∃k ∈ Z)(g(k) = 0 and p|g(k)},
where P is the set of primes of Z, is infinite. In general, given g(x) ∈ Z[x] such that g(a) = 0 for some a ∈ Z, the set {p ∈ P : (∃k ∈ Z)(g(k) = 0 and p|g(k)}, where P is the set of primes of Z, is infinite. See proof of Proposition 3.3 below.
Example 2.2. Let p be a prime in Z such that p ≡ 1 mod 4. It is well-known (see [4, pg 151]) that we can find an integer k such that k 2 + 1 ≡ 0 mod p. It is also well-known that there are infinitely many primes p such that p ≡ 1 mod 4 (see [2] ). Therefore, the set {p ∈ P : (∃k ∈ Z)(g(k) = 0 and p|g(k)}, where g(x) = x 2 + 1 and P is the set of primes of Z, is infinite.
Example 2.3. Consider the polynomial g(x) = x 2 − 2. The congruence x 2 ≡ 2 mod p has solution if and only if p ≡ 1 mod 8. It is well-known that the set of primes of the form p ≡ 1 mod 8 is infinite. Hence, the set {p ∈ P : (∃k ∈ Z)(g(k) = 0 and p|g(k)}, where g(x) = x 2 − 2 and P is the set of primes of Z, is infinite.
We show that the ring of integers Z satisfies IP P .
Lemma 2.1. The ring of integers Z satisfies IP P .
. . , p m with p 1 < p 2 < . . . < p m are the only primes of Z which divide f (k) for any k ∈ Z such that f (k) = 0. Let f (x) = a n x n + . . . + a 1 x + a 0 and suppose a n > 0. Clearly, a 0 = 0. Then we can pick l large enough so that p i l a 0 = f (0) for i = 1, . . . , m. Since a n > 0, we can choose
for some j 1 , j 2 , . . . , j m ∈ Z + ∪ {0}.
j1+j2+...+jm . Therefore ml + 1 < j 1 + j 2 + . . . + j m and so for some i, l ≤ j i . By (1), we obtain
The following Corollary provides many principal ideal domains (P ID) that satisfies IP P .
. By Lemma 2.1 {p ∈ P : (∃k ∈ Z)(mg(k) = 0 and p|mg(k)} is infinite, where P is the set of primes of Z. Therefore {p ∈ P : (∃k ∈ Z)(g(k) = 0 and p|g(k)} is infinite. Hence, if H = P − {p ∈ P : p|n} is the set of primes of D, we obtain that {p ∈ H : (∃k ∈ D)(g(k) = 0 and p|g(k)} is infinite. Therefore D satisfies IP P .
The following result generalizes Corollary 2.1.
where S is a domain, and suppose dS ⊆ D for some nonzero element d ∈ D. Then D satisfies IP P if and only if S satisfies IP P .
Proof. (⇒). Suppose that
. Moreover, since D satisfies IP P the set {p ∈ P : (∃k ∈ D)(mg(k) = 0 and p|mg(k)} is infinite, where P is the set of primes of D. Therefore {p ∈ P : (∃k ∈ D)(g(k) = 0 and p|g(k)} is infinite. Note that if p is a prime such that p|d then p is a unit of D It follows that the primes in S are the primes p ∈ P such that p d. Hence, if P − {p ∈ P : p|n} ⊇ H, where H is the set of primes of S, we obtain that {p ∈ H : (∃k ∈ S)(g(k) = 0 and p|g(k)} is infinite. Therefore S satisfies IP P .
Let p be a prime in S such that p|g(k), then p = p i for some i = 1, . . . , m because primes in S are also primes in D. This is a contradiction. Therefore S does not satisfy IP P .
There is no field K satisfying DP P . To see this, take f (x) = 1 and g(x) = x in K [x] . Notice that for all k ∈ K such that g(k) = 0 we have that g(k)|f (k), however f (x) = 0 and deg f (x) < deg g(x). 
Proof. Let g(x) = a n x n + . . .
then (by elementary calculations) we can find k ∈ Z large enough such that g(k) = 0 and a n k n + . . .
The following result is an immediate consequence of Lemma 2.2.
Corollary 2.2. The ring Z satisfies DP P .
[y] and suppose g(x t )|f (x t ) for t arbitrary large. By deg y f (y) we mean the highest exponent of y in f (y). Assume that f (y) = 0 and m = deg y f (y) < deg y g(y) = n. Let g(y) = a n (x)y n + . . . + a 1 (x)y + a 0 (x) and
. In any case we have a contradiction. Therefore f (y) = 0 or deg y f (y) ≥ deg y g(y).
The next Corollary shows that a ring of polynomials over any domain always satisfies DP P . Its proof follows from Proposition 2.2. In particular, Z[x] satisfies DP P and using that
.., x n ] also satisfies DP P . Notice that Corollary 2.3 also implies that K[x 1 , . . . , x n ] satisfies DP P as well, for any field K.
. Of course, this is only true when D is infinite (otherwise D is a field).
There is no an infinite field K satisfying EP P . To show this, take f (x) = 1 and
where K is an arbitrary infinite field (e.g. R). For all k ∈ K such that g(k) = 0 we have that
On the other hand notice that 5|k
. This does not prove that the ring of integers does not satisfy EP P (actually it does as we show later), since the constant polynomial g(x) = 5 is not primitive. The following Proposition provides a characterization for EP P property.
Proof. See [3, pg 30 ]. Now, we show that in a U F D, satisfying DP P is the same as satisfying EP P .
. If f (x) = 0, we are done. Put g(x) = a n x n +. . .+a 1 x+a 0 . By the usual Division Algorithm, we can find s ∈ Z and q(x), r(
. Therefore D satisfies DP P .
We obtain the following immediate results from Proposition 2.4 and Corollary 2.2. 
and let g(x) = a n x n +a n−1 x n−1 + . . . + a 0 . By the usual Division Algorithm, we can find s ∈ Z and q(x), r(
Corollary 2.6. Z satisfies SEP P .
The result now follows from Proposition 2.5.
The following Proposition provides examples of domains satisfying EP P .
Actually, by Proposition 2.3, we can assume that g(x) is irreducible. By hypothesis, there exists
By (3) we have that for all
in (4), we obtain g(x)|f (x). Therefore D satisfies EP P .
The following Proposition says that in a U F D, IP P implies SEP P . Its proof uses ultraproducts, which is a topic not related to the theory of this paper. are the integers p j with p prime and such that p|n. However this ring also satisfies DP P and SEP P . [5] ). Our main goal in this section is to show that the D-ring property is equivalent to some of the divisibility properties studied in the previous section.
D-rings
Proof. If g(x) is a constant-nonzero polynomial, we are done. Assume deg
We have the following Corollary of Lemma 3.1.
Note that by Corollary 3.1, given f (x) and g(x) polynomials with coefficients in Z such that g(k)|f (k) for almost all k ∈ Z, implies the existence of a polynomial h(
For example, if p is a prime in Z, we have that for any k ∈ Z, p|k p − k which implies
Example 3.1. In the Section 6, we show that the ring Z[W ], where
is not a D-ring. We have already shown that this ring is not a field. 
The following result gives a relation between a D-ring and its Jacobson Radical (denoted by J(D) for any ring D). There is a relation between IP P and the D-ring property. The IP P talks about infinitely many prime elements, while the D-ring property talks about infinitely many prime ideals. So, in a P ID it is trivial that IP P and the D-ring property are equivalent properties. Now, we show that any U F D satisfying the D-ring property, also satisfies IP P . Therefore the set {p ∈ P : (∃k ∈ D)(g(k) = 0 and p|g(k)}, where P is the set of primes of D is infinite. So, D satisfies IP P . Suppose that g(a) = 0 for all a ∈ D. Assume that p 1 , . . . , p n are the only primes of D which divide g(k) for any k ∈ D such that g(k) = 0. Let m = p 1 · · · p n . Since D is a D-ring the set S(g) − S(m) is not empty. Let P ∈ S(g) − S(m), then there exists k P ∈ D such that g(k P ) ∈ P and m ∈ P. By our assumption
where u ∈ D × and m i is a non-negative integer for i = 1, . . . , n. Since g(k P ) ∈ P, then u ∈ P or there exists j ∈ {1, . . . , n} such that p j mj ∈ P. If u ∈ P then P = D and this contradicts that P is a prime ideal of D. If p j m k ∈ P, then p j ∈ P, therefore m ∈ P, and this is also a contradiction. Therefore D satisfies IP P .
The converse of the previous result is also true, but we need some previous results in order to prove it. The following Proposition shows that domains that satisfies DP P are D-rings and viceversa. 
Proof. (⇒). Let
and assume g(x) = a n x n + . . . + a 0 . By The Division Algorithm there exist q(x), r(x) ∈ K[x] and s ∈ D such that a s n βf (x) = g(x)q(x) + r(x), with r(x) = 0 or deg r(x) < deg g(x) and let α = a s n β. Suppose that deg r(x) < deg g(x). Then for all k ∈ D such that g(k) = 0 implies that g(k)|αf (k) and g(k)|g(k)q(k). So g(k)|r(k). Hence, using again that D satisfies DP P we obtain r(x) = 0 or deg r ≥ deg g. Hence r(x) = 0 and we obtain that αf (x) = g(x)q(x). Therefore
. In others words, D is a D-ring.
The following Proposition shows that U F D's satisfying EP P are D-rings and viceversa. 
where
. Take h(x) = mp(x). Now, we have that
with g(x) primitive. By Gauss' Lemma, there exists q(x) ∈ D[x] such that h(x) = mq(x), and so
be the quotient field of D. We can write g(x) = αh(x) where h(x) is primitive with deg h = deg g ≥ 1 and α is the content of g(x).
. with D a domain, satisfies all divisibility properties IP P , DP P , EP P y SEP P . Furthermore D[x] is also a D-ring. Therefore, we obtain a number of rings satisfying our divisibility properties, for example:
where p is an integer prime and the ring R[x 1 , . . . , x n ]. Then D is a D-ring (resp. satisfies DP P , EP P or SEP P ) if and only if S is a D-ring (resp. satisfies DP P , EP P or SEP P ).
Proof. Easy from Proposition 2.1 and Theorem 3.1.
We will assume the following results proven in [5, pg 299] . In the following example it is necessary to know results from Algebraic Number Theory, topic far away from the theory in this paper. However, the reader could find more details in [5, pg 293] .
Example 3.2. Let V be a set of rational primes p such that p∈V 1/p converges. Let U be the set of all p
Note that Z[U ] is a infinitely generated ring over Z contained in Q.
Infinitely Many Primes
A result that is interesting is the following:
Proposition 4.1. Let D be a U F D with at least one prime and finitely many units, then D has infinitely many primes.
Proof. By Proposition 2.8, D satisfies EP P ; therefore D satisfies IP P . Then D has infinitely many primes.
We shall give a direct proof of the previous Proposition but before that we need to prove some Lemmas first. Now we prove a stronger result than Proposition 4.1. Actually, we could say that the following result is a generalization of Euclid's Theorem about primes. 
This proves that S ⊆ Γ. But Γ is a finite set and by Lemma 4.1, S should be infinite. This is a contradiction. Therefore D has an infinite number of prime elements.
It is clear that Proposition 4.1 is a direct consequence of Proposition 4.2. It follows from Proposition 4.1 that if D is an infinite P ID with a finite number of units, then D has an infinitely many prime elements.
Many Variables
The following result shows that we can generalize our divisibility properties of polynomials in one variable to polynomials in two variables. Since we can extend the same argument to polynomials in arbitrary number of variables, it is sufficient to show the two variables case only. We have the following Corollary from Proposition 5.1. Proposition 5.2. Let D be a domain. D satisfies DP P if and only if given f (x 1 , . . . , x n ), g(x 1 , . . . , x n ) ∈ D[x 1 , . . . , x n ] such that for all a 1 . . . , a n ∈ D, g(a 1 , . . . , a n ) = 0 ⇒ g(a 1 , . . . , a n )|f (a 1 , . . . , a n ).
Then f (x 1 , . . . , x n ) = 0 or deg xi f (x 1 , . . . , x n ) ≤ deg xi g(x 1 , . . . , x n ) for all i = 1 . . . , n. 
with r(x, y) = 0 or deg y r(x, y) < deg y g(x, y). Since for all a, b ∈ D (g(a, b) = 0 ⇒ g(a, b)|f (a, b)), then for all a, b ∈ D (g(a, b) = 0 ⇒ g(a, b)|r(a, b)). Since D satisfies DP P , by Proposition 5.1 we obtain r(x, y) = 0 or deg y g(x, y) ≤ deg y r(x, y). Thus r(x, y) = 0. By (6), g(x, y)|c s n (x)f (x, y). Since g(x, y) is primitive with respect to the variable y and deg y g(x, y) ≥ 1, by Gauss' Lemma we obtain that g(x, y)|f (x, y). For example, for n > 1, r(x) = 1−x n 1−x ∈ S(Z). In the next Section we will give no trivial examples of polynomials f (x) and g(x) with coefficients in Z such that for almost all k ∈ Z, g(k)|f (k) implies g(x)|f (x). We always have that Int(D) ⊆ S(D). But if K is a field S(K) ⊆ Int(K), because r(x) = 1 x ∈ S(K), but r(x) ∈ Int(K). We give an alternative characterization of the divisibility property EP P . Proof. See [8] .
Note that by Proposition 6.2 and the fact that Z is a D-ring we have that for any polynomial h(x) ∈ Q[x] with h(Z) ⊆ Z, there exist polynomials f (x), g(x) ∈ Z[x] such that h(x) = f (x) g(x) . Y n (a) ≡ n mod (a − 1),
where a and Y n (a) are as above. 
